Abstract. We consider natural filtrations of H * (BG; Z/p) for a compact Lie group G, such that β(F i ) ⊂ F i−1 for the Bockstein operation β. An example of such filtrations is defined by i = 2n − m for elements in the image from the motivic cohomology H m,n
Introduction
Let G be a compact Lie group, (e.g., finite group). The structure of H * (BG; Z/p) seems very complicated, in general. Most cases are difficult to write down it, even if it can be computable. So it may be reasonable to consider an adequate filtration and the associated graded algebra grH * (BG; Z/p). In this paper, we study natural filtrations such that
where P j is the reduced power operation and β is the Bockstein operation. (We say such filtrations to be a β-filtration. For the precise definition, see §2 bellow.) The β-filtration seems not unique. However in §3, we see it is determined uniquely for the cases G = (Z/p) n , O 3 , P GL 3 , p 1+2 + . (However the ring structures of grH * (BG; Z/p) do not become more simple.)
An example of β-filtrations is given in §6 by using the motivic cohomology H * , * (BG; Z/p) (over k = C). In fact we define the (motivic) filtration such that x ∈ F i if x ∈ ⊕ i=2 * − * Im(t C : H * , * (BG; Z/p) → H * (BG; Z/p))
where t C is the realization map. Moreover in §6, we see that this filtration coincides the coniveau filtration defined by Grothendieck [Bl-Og] for cases (Z/p) n , O n , P GL p . Sections 4, 5 are recollections of notations and properties of Chow rings, etale cohomologies and motivic cohomologies.
We determined the motivic cohomologies of O n , P GL p by using these filtrations and stratification arguments by Molina and Vistoli [Mo-Vi] , [Vi] in §8 and §10. In the last section, we also study the motivic cobordism MGL * , * (BG) for these groups G.
β-filtration
Let p be a prime number. Let G be a compact Lie group (e.g., finite group) and BG be their classifying spaces.
Definition. We say that a filtration
is a β-filtration if it satisfies the following (1) − (5) ;
(1) It is natural for the induced map and the transfer. That is, for f : G → G and an injection g : G → G of finite cokernel, let F be the filtration of H * (BG ; Z/p). Then First note that the β-filtration of a finite group is decided from that of its Sylow p-subgroup.
Lemma 2.1. Let G be a finite group, S its Sylow p-subgroup and i : S ⊂ G the inclusion. Let F j (G) and F j (S) be its β-filtration of G and S. Then i * F j (S) = F j (G).
Proof. From the property (1), where (j 1 , ..., j s ) are permutations of (0, ..., s − 1). For the n-th unitary group U n , it is immediate from (4),
The mod 2 cohomology of the classifying space BO n of the n-th orthogonal group is H * (BO n ; Z/2) ∼ = H * ((BZ/2) n ; Z/2) Sn ∼ = Z/2[w 1 , ..., w n ] where S n is the n-th symmetry group, w i is the Stiefel-Whiteney class which restricts the elementary symmetric polynomial in Z/2[x 1 , ..., x n ]. Each element w Since Q i−1 ...Q 0 (w i ) = 0, we see each w(w i ) = i. However even the module structure of gr * H * (BO n ; Z/2) seems complicated. W.S. Wilson ([Wi] , [Ko-Ya] 
Here G k−1 is quite complicated , namely, it is generated by symmetric functions Σx 
In §8, we will prove the assumption w(G i ) = i + 1 for the motivic filtration, which is an example of β-filtrations.
Since the direct decomposition of BO 3 is complicated to write, we only write here that of
Of course, this case w(w 2 ) = 2 and the assumption in the above proposition is satisfied. From here we consider the case p = odd. One of the easiest examples is the case G = P GL 3 and p = 3. (In §10, we study P GL p for general primes p.) The mod 3 cohomology is given by ( [Ko-Ya] , [Ve] )
where the suffice i of y i means its degree. It is known that y and y 12 are represented by Chern classes. The cohomology operations are given
The element y 8 is not represented by a Chern class.) Thus we see
In §10, we will study the motivic filtration of BP GL p for each odd prime.
Next consider the extraspecial p-group E = p 1+2 + for odd prime. (The similar argument also holds for the dihedral group D 8 = 2
This group is a noncommutative group of exponent p such that there is the central extension
The ordinary cohomology is known by Lewis ( see also Leary [Le] , [Te-Ya] ), namely,
Here y 1 ,y 2 are the 1-st Chern classes of 1-dimensional representation induced from the map π, c j is the j-th Chern class of the inductive p-dimensional representation from the maximal abelian subgroup 
The mod p-cohomology is written additively
All elements in H
odd (BE) are just p-torsion and we can take a i ∈ H 2 (BE; Z/p) such that β(a i ) = a i . Since |a i | = 2, a i ∈ F 2 from (2). Hence we take w(a i ) = 2 and so w(a i ) = 1.
Next consider elements 
Chow ring, Milnor K-theory, additively cohomology
We use some category Spc of (algebraic) spaces , defined by Voevodsky, where schems A, quotients A 1 /A 2 and colim(A α ) are all contained ([Vo2] , [Mo-Vo] ). Here schemes are defined over a field k with ch(k) = 0 and moreover k contains primitive p-th root of unity. The motivic cohomology is the double indexed cohomology defined by Suslin and Voevodsky directly related with the Chow ring, Milnor K-theory and etale cohomology ;
For a smooth scheme X, we have H 2n,n (X) = CH n (X) : the classical Chow group of codim n cycles on X modulo rational equivalence, and
Since Spc contains colimit, we can consider the infinite projective space P ∞ = BG m and the infinite Lens space
The Milnor K-theory is the graded ring
Hilbert's theorem 90, which is essentially said that the Galois cohomology
Similarly we can define a map (the norm residue map) for any extension F of k of finite type
of n-th tensor power of the group of p-roots of the unity.
The Bloch-Kato conjecture is that this map is an isomorphism for all field k, and the Milnor conjecture is its p = 2 case. This conjecture is recently solved for all p and n by Voevodsky [Vo3] by using the motivic cohomology.
Notice that 
The last cohomology is the usual mod p ordinary cohomology of the complex manifold of the C-rational points of X.
with deg(ρ) = 1 for the real number field R.
the motivic cohomology
In this section we consider the relation between the motivic and the usual ordinary cohomologies. Let R be Z or Z/p. The motivic cohomology has the following properties ([Vo1, 2, 4] 
(In particular, we get the Mayer-Vietoris, Gysin and blow up long exact sequences.) (C2) There are maps (realization maps)
which sum up t * , * C = ⊕ m,n t m,n C the natural ring homomorphism. (C3) There are ( the Bockstein, the reduced powers ) operations
which commutes with the realization map t C . (C4) For the projective space P n , there is an isomorphism
For an element x ∈ H m,n (X; Z/p), we define the (weight and difference degree)
, the weight degree w(x ) for the motivic filtration defined in §6 bellow is the least number of w(x) such that t C (x) = x . Lichtenbaum defined the similar cohomology H * , * L (X; R) by using theétale topology, while H * , * (X; R) is defined by using Nisnevich topology. Since Nisnevich covers are some restrictedétale covers, there is the natural (cyclic) map cl * , * :
and all smooth X. The Beilinson-Lichtenbaum conjecture is that BL(n, p) holds for all n, p. It is proved that the BL(n, p) condition is equivalent the Bloch-Kato conjecture (BK) for degree n and prime p. Hence BL(n, p) holds for all n and p.
. From the dimensional condition (C5) and the above isomorphism, we have isomorphisms
Next we compute the motivic cohomology of P ∞ and BZ/p. By the cofiber map P n−1 → P n → P n /P n−1 and (C4), we can inductively prove that
with deg(y) = (2, 1). For the infinite Lens space
The Lens space is identified with the sphere bundle associated with the line bundle. Hence we get the cofibering BZ/p → P ∞ ×p
This induces the ring isomorphism for
with deg(x) = (1, 1). However note that when p = 2, we see ([Vo3] )
This fact is proved by using the famous relation
By the above cofiber sequences, we can easily see that P ∞ and BZ/p satisfy the Kunneth formula for all spaces. In particular, we have the ring isomorphisms
. This fact is used to defined the reduced power operation P i in (C3). Since a Sylow p subgroup of the symmetric group S p of p-letters is isomorphic to Z/p, we know the isomorphism
with identifying Y = y p−1 and W = xy p−2 . If X is smooth (and suppose p is odd to simplify arguments), we can define the reduced powers (of Chow rings) as follows. Consider maps
where i ! is the Gysin map for p-th external power, and ∆ is the diagonal map. For deg(x) = (2n, n), the reduced powers are defined as
). Voevodsky defined i ! for non smooth X also and by using suspensions maps, he defined reduced powers for all degree elements in H * , * (X; Z/p) for all X [Vo3] . Thus we get the operations in (C3). Moreover Voevodsky defined the motivic Milnor operation such that
For the case ρ = 0 see [Ya3] or [Vo2] .
motivic filtration
The motivic cohomology of the classifying space is defined as follows. Let G be a linear algebraic group over k. Let V be a representation of G such that G acts freely on V − S for some closed subset S. Then (V − S)/G exists as a quasi-projective variety over k. According to Totaro ([To1] ) and V.Voevodsky ([Vo1]), we define 
Hereafter we assume k = C. Definition. We define the motivic filtration of H * (BG; Z/p) by
Moreover the cycle map is identified with
Theorem 6.1. The motivic filtration is a β-filtration.
Proof. By the dimensional condition (C5) in the previous section, we know
Thus the motivic filtration is indeed filtration of H * (BG; Z/p). The condition (1) follows from (C1). Indeed H * , * (X; Z/p) has the Gysin exact sequence and transfers. Of course the sum of the bidegrees are (2 * −n, * ) + (2 * −n , * ) = (2( * + * ) − (n + n ), * + * ), which shows the condition (3). Since we can also define the Chern class c i ∈ H 2i,i (X; Z/p) from the above argument, we get (4), namely Ch(G) ⊂ F 0 . The existence of cohomology operations (C3) implies the condition (5).
Remark. The motivic filtration can be extend for all smooth X and k ⊂ C but not only BG and k = C with changing the realization map to the cycle map, and H * (X(C); Z/p) to H * et (X; Z/p). Moreover the condition (1) should be extended for each projective map g and the condition (3) be changed cl(CH * (X)) = F 0 . From the above theorem, we can know some information of the motivic cohomology without using any theory of algebraic geometry (just arguments in §2 or §3). In [Ya2] , we define
, and compute them, for example, the cases X = BG stated in §3. In fact, it is immediate that
coniveau filtration
The motivic cohomology is known to be a cohomology of a complex of some Zarisky sheaves. Recall that Z/p(n) ([Vo1] , [Vo4] ) is the complex of sheaves in Zarisky topology such that H m,n (X; Z/p) ∼ = H m Zar (X; Z/p(n)). Let α be the obvious map of sites from Zarisky topology to etale topology so that
For k ≤ n, let τ ≤k+1 Rα * α * Z/p(n) be the canonical truncation of Rα * α * Z/p(n) of level k + 1. Then we have the short exact sequence of sheaves 
Thus we get the long exact sequence
Hence we have the isomorphism ;
Lemma 7.1. ( [Or-Vi-Vo] , [Ya4] )
The filtration coniveau is given by
Z/p)} where Z runs in the set of closed subschemes of X of codim = c.
Grothendieck wrote down the E 1 -term of the spectral sequence induced from the above coniveau filtration. 
E(c)
Bloch-Ogus [Bl-Og] proved that the above sequence of sheaves is exact and the E 2 -term is given by 
Thus the motivic filtration is the coniveau filtration (changing degree)
* , * be injective for each ( * . * ). Then Ker(τ )|H * , * (X; Z/p) = 0. From the preceding lemma, we have the isomorphism for E * , * 2 -term in the theorem.
From the injectivity of cl also, we see
and r ≥ 2. Then For example, when X = (BZ/p) n , the motivic filtration is the coniveau one. We give here some geometric explanation as following.
Here we assume that the embedding i : K ⊂ X is regular. Since there is the Thom isomorphism
in the motivic cohomology with cl * , * (x ) = x . We consider the Thom map in the motivic cohomology
So we get the elementx = q
Let us write by j the (regular) embedding
Recall the Gysin map j * is defined by q * T h in the exact sequence ( * ). Since j * (1) = y 
This means that x ∈ F

motivic cohomology of BO n
Let S n be the n-th symmetric group. Of course there is the map
Hence if x ∈ H * (BO n ; Z/2) is represented as the symmetric function (8.1) Σx 
Hence we show that the motivic filtration satisfies the assumption of Proposition 3.1. So the motivic filtration is the coniveau one for X = BO n .
To prove Theorems 8.1, we compute H * , * (BO n ; Z/2) by using the stratified methods by Molina and Vistoli [Mo-Vi] , introduced by Vezzosi [Ve] . Molina and Vistoli [Mo-Vi] find very strong methods to computed Chow rings CH * (BG) for classical groups G (e.g., GL n , O n , SO n , ...). We will study the motivic version of their arguments here. (See also [Gu] 
For a smooth algebraic set X, suppose G acts on X. We consider the motivic version of the equivariant Chow ring (the Borel cohomology) defined by Edidin and Graham [Ed-Gr] 
and p = 2 hereafter. The orthogonal group O n is defined as the subgroup of GL n generated by elements which invariant the quadratic form q(x 1 e 1 + ... + x n e n ) = x 2 1 + ... + x 2 n for the basis e 1 , ..., e n of V = A n . Hence the sets
and A n − {0} are all O n -invariant sets.
Thus we have the localization exact sequence
The stabilizer of e 1 in B for this action is isomorphic to the group O n−1 . Hence it is proven (the detailed proof is given in [Mo-Vi] ) that
Hence we have the isomorphism
Here recall that H * , * Z/2×O n−1
. By the exact sequence
Next consider H * , *
On (C). It is proven that (see §4 in [Mo-Vi] )
where means the semidirect product. Since H * ,
. Thus we have the two exact sequence
Before studying the above sequences, we consider the topological (mod 2-ordinary) cohomology versions of the above sequences. Recall
For this case all cohomologies are very easily
In particular x ∈ Im(j * 2 ) and δ 2 (x) = 0. Hence δ 2 (x) = 1 by dimensional reason. The cohomology H *
On (B) contains
The facts δ 2 (c n−1 x) = 0 and δ 2 (w n−1 x) = 0 (note that
Therefore we see that j * 2 (w n ) = w n−1 x and j * 2 (w n−1 w n ) = c n−1 x. Now we return to study the motivic versions. Here we assume the theorem for n − 1. As the topological cases we have δ 2 (x) = 1 (of course w(x) = 1 and w(δ 2 (x)) = 0). By inductive assumption and the topological arguments, we see that δ 2 is epic
Thus each a ∈ H * , *
Then by induction we can take t C (a ) as (1), i.e., Σx
k+q . Next consider the exact sequence (1 )
From Lemma 8.2 bellow, we will see the above sequence is a short exact sequence, i.e., δ 1 = 0. Then j * 1 is epic, and hence for a = a ⊗ x as (1), we can take elementã ∈ H * , * On such that j * 1 (ã) = a and t C (ã) is represented as
Σx 0 x In this section, we consider the case of special orthogonal groups SO n . When n = odd, it is well known that there is the isomorphism O n ∼ = SO n × Z/2. Hence we have the isomorphism
We consider the case n = even. Hereafter we always assume n = 2m in this section.
In this case, the realization map t * , * C is not injective. Indeed, t C (y m ) = 0 in the following theorem ; R.Field computed its Chow ring.
Let a ∈ H * SOn is written as (8.1). Since
For this expression, w(a) ≥ k . In particular, we see
Molina and Vistoli [Mo-Vi] also give very clear explanation for this case. We will consider the motivic version. The SO n -sets in preceding section are
The SO n -version of the exact sequences (1 ), (2 ) are
Lemma 9.2. In H * , * (BSO n ; Z/2), the weight w(w n ) = n − 2. (This holds also for n = odd.)
Proof. First note that when j < n, we see w(w j ) = j since Q 0 ...Q j (w j ) = 0. For n = odd, the result follows from Q 0 (w n−1 ) = w n . Consider the exact sequences (1 ) and (2 ) for n = 2m. If * < 2n, then H * −2n, * −n SOn
SOn (A n −{0}) for * ≤ 2n−1. In particular we can take j * 2 j * 1 (w n ) = w n−1 x from the arguments similar to the case O n . By inductive assumption, w(w n−1 ) = n − 3 in H * ,
Recall y m ∈ Ker(t C ) and w(y m ) = 0. When m becomes larger, the cohomology H * , * (BSO m ; Z/2) seems to have larger Kert C .
Proof. We consider the exact sequence (2 ). Note that w(
by the above lemma. So
for * < 2n.) Next consider the exact sequence (2 ) for n = 2m + 2. Recall O 2m+1 ∼ = Z/2 × SO 2m+1 , and H * , * SO 2m+1
x). Thus we can define the new u m−1 ∈ H * , * SOn by
By induction on m, we get the theorem.
Of course u 1 in the theorem is y m in the theorem by R.Field. Now we consider the case m = 2, i.e., G = SO 4 . The case m = 1 is well known
Recall that H * , * SO 3 is computed in §3. We consider the case m = 2. The sequence (2 ) is stated
Here δ 2 (x) = 1 as the case O n . Since w(y) = 0 and w(w 2 ) = 2, we see
The element y 2 is defined as i 2 * (y) = y 2 . Moreover we can take w 3 x c 3 x in H * , * SO 4 (A 4 − {0}) so that w(w 4 ) = w(w 3 x) = w(w 3 ) + 1 = 2, w(w 3 w 4 ) = w(c 3 x) = 1.
Thus we can prove the following result. For detailed computations, see Proposition 5.7 in [Ya2] , for example, the cohomology operation are given
. .
Theorem 9.4. The motivic cohomology H
where a is a vertical element so that c 3 a = w 2 w 3 w 4 , Q 0 a = w 4 , Q 1 a = w 2 w 4 and Q 2 a = c 4 w 2 . The motivic cohomology of the exceptional Lie group G 2 is quite similar to that of SO 4 . Indeed the normalizer N G 2 (T ) of the maximal torus has index 3 in the normalizer N SO 4 (T ) for SO 4 . Hence we have (see Lemma 4.3 in [Gu] ) the injection
Remark. The element a does not exist in H
The ordinary mod 2 cohomology is well known
where w i is the Stiefel-Whiteney class for the injection G 2 ⊂ SO 7 . We can take i * (w 4 ) = w 4 , i * (w 6 ) = w 4 w 2 , i * (w 7 ) = w 4 w 3 so that Sq 2 w 4 = w 6 ,Sq 1 w 7 = w 7 . The element y 2 is also in H * , * (G 2 ; Z/2) from the result of CH * (BG 2 ) ( [Ya3] , [Gu] ). ( In fact, this element is represented as {2w 4 } in the integral cohomology H * (G 2 ; Z (2) ).) The cohomology operation are given, e.g., where a is a virtual element so that c 7 a = w 6 w 7 w 4 , Q 0 a = w 4 , Q 1 a = w 6 and Q 2 a = w 6 w 4 . ) appear indeed in the above. Next consider the cases G = Spin 7 . We consider the motivic version of the arguments of Guillot [Gu] . The mod 2 cohomology is
Remark. Let us write
As the case of SO n , we also have the exact sequences (see [Gu] )
Also by Guillot [Gu] , it is known that
At first, we study the map δ 2 : c 3 , τ] . By the topological cases, we know that δ 2 (1) = 0, δ 2 (x) = 1. For the topological case i * 2 |H * SL 3 = 0. (However i * 2 |CH * (BSL 3 )/2 is non zero.) By dimensional reason, we can easily see
For ease of notation, let
⊕ K where
with Q 0 (ax) = w 4 x, Q 1 (ax) = w 6 x, Q 2 (ax) = w 4 w 6 x. Thus we see H * , *
⊕ K where K is written as Let p be a fixed odd prime and denote by P GL p the projective group which is the quotient of the general linear group GL p by the center G m . Hence P GL p (C) contains the projective unitary group P U p as the maximal compact subgroup. Its ordinary and Chow ring are known by Vistoli [Vi] and Kameko-Yagita [Ka-Ya] .
To state the cohomology H * (BP U p ), we recall the Dickson algebra. Let A n ∼ = (Z/p) n be an elementary abelian p-group of rank n, and
n } with e
We also recall the Mui's result by using Q i according to Kameko and Mimura [Ka-Mi] 
] as modules (but not rings) and
Theorem 10.2. ([1],[Ka-Ya]) There is the additive isomorphism
Corollary 10.3. The motivic filtration for H * (P U p ; Z/p) is determined by w(M) = 0 and w(u 2 ) = 2.
Moreover by using the arguments of Vistoli, we can compute the motivic cohomology of BP GL p .
Theorem 10.4. Let G = P GL p . Then there is the isomorphism
Hence the motivic filtration is the coniveau one.
N.YAGITA
The first theorem is proved by using the following facts. The group G = P U p has just two conjugacy classes of maximal elementary abelian p-subgroups, one of which is toral and the other is non-toral A of rank p = 2. Recall that Quillen showed that the following restriction map r is an F-isomorphism
where A runs over a set of conjugacy classes of elementary abelian p-subgroups of G.
A.Vavpetič and A.Viruel [Va-Vi] gives the following short proof of the fact that the map r is injective for G = P U p .
Let T G be a maximal torus of G and
where P ∈ U p is a permutation matrix of order p.
The cofiber sequence ( 
Considering restrictions to
Recall that there are the transfer tr and Gottlieb transfer Gtr so that Gtr * · i N * P U = id. and tr * · i * Np = id. Hence the above restrictions are injective.
Note that W G (A) = SL 2 (F p ) for G = P U p . We recall the arguments by Kameko-Yagita. In [Ka-Ya] Since Ker(pi A ) is generated by even dimensional elements, we get
It is well known that
Since rank p (Z/p ⊗ (H i (X; Z)/(torsions))) = rank Q H i (X; Q), we get the additive isomorphism Remark. This is not a ring isomorphism, e.g., for p = 3 we have the ring isomorphism( [Ko-Ya] Vistoli [Vi] gives a very elegant proof for the above theorem for the Chow rings. We will consider the motivic version of argument of Vistoli 
